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Abstract 


A sinusoidal  wave  of  infinitesimal  amplitude  is  propagated 
in  an  isotropic  compressible  elastic  material  subjected  to  a 
static  pure  homogeneous  deformation.  Necessary  and  sufficient 
conditions  are  obtained  for  the  speed  of  propagation  to  be  real 
in  the  case  when  the  direction  of  propagation  is  parallel  to  a 
principal  plane  of  the  static  deformation. 
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1 . Introduction 

This  paper  is  concerned  with  the  conditions  which  must  be 
imposed  on  the  strain-energy  function  for  an  isotropic  compress- 
ible elastic  material  in  order  to  ensure  that, when  the  material 
is  subjected  to  a static  pure  homogeneous  deformation,  plane 
sinusoidal  waves  of  infinitesimal  amplitude  propagate  in  it  with 
real  velocities.  The  problem  has  previously  been  considered  by 
Hayes  and  Rivlin  [1].  They  obtained,  in  implicit  form,  necessary 
and  sufficient  conditions  for  the  velocities  to  be  real  for  arbi- 
trary direction  of  propagation  of  the  wave.  These  are  the  in- 
equalities given  in  (2.10)  below.  Certain  necessary  conditions 
were  also  obtained  in  [1,2].  These  are  the  inequalities  given 
in  (3.6)  and  (3.17)  below. 

Earlier  Ericksen  [3]  considered  the  propagation  of  a second- 
order  discontinuity  in  an  isotropic  incompressible  material, 
rather  than  the  substantially  equivalent  problem  of  the  propaga- 
tion of  a sinusoidal  wave  of  infinitesimal  amplitude.  He 
obtained, in  explicit  form,  the  necessary  and  sufficient  conditions 
that  waves  propagated  in  the  principal  directions  have  real 
velocities . 

Sawyers  and  Rivlin  [4]  have  obtained,  again  in  explicit 
form,  necessary  and  sufficient  conditions  that  the  velocities  of 
sinusoidal  waves  of  infinitesimal  amplitude  be  real  for  all  direc- 
tions of  propagation  parallel  to  a principal  plane  of  the  pure 
homogeneous  deformation  for  an  incompressible  material.  More 
recently  they  discussed  [5]  the  implications  of  these  results 
with  respect  to  propagation  in  an  arbitrary  direction,  not  necess- 
arily parallel  to  a principal  plane. 
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In  the  present  paper,  the  results  of  Hayes  and  Rivlin  [1] 
for  compressible  materials  are  used  to  derive. in  explicit  form, 
necessary  and  sufficient  conditions  that  the  wave  velocities  be 
real  for  any  direction  of  propagation  parallel  to  a principal 
plane  of  an  underlying  static  pure  homogeneous  deformation.  These 
are  the  relations  given  by  (3.6),  (3.15),  and  (3.17)  below. 

Recently,  Knowles  and  Sternberg  [6]  have  obtained  the  neces- 
sary and  sufficient  conditions  that  the  incremental  equations  of 
equilibrium  for  planar  infinitesimal  static  deformations  super- 
posed on  a plane  pure  homogeneous  deformation  be  strongly  elliptic. 
Since  the  conditions  for  reality  of  wave  speeds  are  equivalent  to 
the  conditions  that  the  incremental  equations  of  equilibrium  be 
strongly  elliptic,  the  conditions  obtained  by  Knowles  and  Stern- 
berg should  be  equivalent  to  those  which  we  have  obtained,  if, 
in  our  results,  we  take  the  principal  extension  ratio  in  a direc- 
tion normal  to  the  plane  of  propagation  to  be  unity.  That  this 
is  indeed  the  case  is  shown  in  §4. 
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2 . Basic  equations 

We  consider  an  isotropic  elastic  material  to  be  subjected 
to  a deformation  in  which  a particle  initially  in  vector  position 
5 moves  to  vector  position  x . Let  and  be  the  com- 

ponents of  C and  x respectively  in  a rectangular  cartesian 
coordinate  system  x . The  strain-energy  function  w , per  unit 
volume  of  material  measured  in  the  undeforraed  state,  is  expres- 
sible as  a function  of  the  three  strain  invariants  i^,  i^,  i^ 
defined  by 

il  = tr  C , i^  = ^{(tr  C)2-  tr  C^}  , i^  = det  C,  (2.1) 

A 

where  C is  the  Cauchy  strain,  defined  by 


C=||C  ||  , C.  = x.  X- 

~ II  otg  " ’ ag  1 , a 1 , 1 


(2.2) 


We  now  consider  that  the  deformation  C -*■  x is  the  result- 
ant of  a pure  homogeneous  deformation  C X and  an  infinitesi- 


mal deformation  X x where 


X = X + eu  . 


(2.3) 


We  suppose  that  the  principal  extension  ratios  for  the  pure 
homogeneous  deformation  are  A^,  A^  and  the  principal  direc 

tions  are  parallel  to  the  axes  of  the  system  x . 

We  adopt  the  notation 


Wa  = 3w/31a  , Wab  = 3 w/3iA3iB  . 


" ^A|e=0  ’ " '^a|£  = 0 ’ ’^AB  " '^AB|e=0 

(A,B  = 1,2,3)  . 


(2.4) 


* In  this  paper  we  use  the  Einstein  summatipn  convention  for 

repeated  lower  cage  greek  or  latin  subscripts,  but  not  for  upper 
case  latin  subscripts. 
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Then, 


II  - . 


I3  '^i'^2^3  * 


C2.5) 


We  now  suppose  that  the  deformation  X x corresponds  to 
a plane  sinusoidal  wave  of  infinitesimal  amplitude  propagating 
in  the  material  in  the  direction  of  the  unit  vector  Z . Then, 
with  the  usual  complex  notation  we  may  write 


u = U expio)(Sjl*X-t)  , 


C2.6) 


where  ui  is  the  angular  frequency  of  the  wave,  S is  its  com- 
plex slowness  and  U is  a constant  vector,  which  may  be  complex, 
, It  has  been  shown  by  Hayes  and  Rivlin  [1]  that  U must 
satisfy  the  equation 


(2.7) 


= I p/S^  , 
^AB  " ^^A^b''^2'*'  ^3"^3^*'A*'B 


* *^AB^A^B 


(2.8) 


* 2{x2[W^^.(I,-X^)W22]  - I3W32}X^(I,-X|) 
- 2(x2[w^^.Cr,-x2)w^^]  . I W^^}!  . 


I 


i G 
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p denotes  the  density  of  the  material  in  the  undeformed  state. 
The  condition  for  (2.7)  to  yield  a non-trivial  solution  for 


s - 

^AB  ^ AB  = 0 • 


(2.9) 


This  is  the  secular  equation  for  the  wave. 

We  note  that  since  the  matrix  s = jj  s^gjj  is  real  and 

p 

symmetric,  the  values  of  C given  by  (2.9)  are  necessarily  real, 
The  necessary  and  sufficient  conditions  that  equation  (2.9) 

p 

yield  three  positive  solutions  for  C are  [1] 


tr  s > 0 , { (tr  s)^-  tr  s^}  > 0 , det  s > 0 . (2.10) 

From  (2.8)  we  have 


2Cr,-X^)W2]  ^ I3W3.  c^}£^  . (2.11) 

Aal  A=1 


where 


2{X^[W^l.  2(I,-x2)w^2" 

+ I3[2X^W3^+  l3W33]l 


(2.12) 


With  (2.11)  it  is  seen  that  the  necessary  and  sufficient  con- 
ditions that  (2.10)j^  be  satisfied  for  all  t are 

X^[3Wi*2(Ii-xJ,W2)  * > 0 


(A=  1,2,3)  . 


(2.13) 
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3.  Propagation  in  a principal  plane 

We  now  suppose  that  the  direction  of  propagation  of  a wave 
lies  in  a principal  plane,  say  parallel  to  the  x^x^-plane  of 
the  coordinate  system.  Then,  «,  = and  from  (2.8)  we 

obtain 


= 11  ° " '=ll^*l)>  * > 

= 22  " * f=22^^2’’  * ’'Kh  • 


= 33  ■ \"‘l*2  ^ ’ 

e*  0 /t 


= 12  " =21  V\^2^'‘2fS*f^2^^*2>^  ’ 


(3.1) 


s ®s  =s  =s  =0. 
23  32  31  13  ’ 


with  the  notation 


■'a  " "l"  ^A«2  ■ ‘■A  ' "2*  'a«3 


(3.2) 


With  (3.1)  the  secular  equation  (2.9)  yields 


C‘^  = s. 


(3.3) 


(C^-s^^HC^-s^P  - 5=3 


(3.4) 


The  necessary  and  sufficient  conditions  that  (3.3)  yield 
only  positive  values  for  for  all  £^,4.2  are  the  two  Baker- 


Ericksen  conditions 


Ki  > 0 , K > 0 . 


(3.5) 


Analogous  considerations  for  waves  propagated  in  the  ^2^3 
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planes  lead  additionally  to  the  remaining  Baker-Ericksen 
condition  > 0 . We  accordingly  have 


K.  > 0 (A  = 1,2,3)  . 


(3.6) 


The  necessary  and  sufficient  conditions  that  (3.4)  yield 

2 

only  positive  values  for  C are 


= 11*  =22  * ° ="■*  =11  = 22-  =12  = “ • 


(3.7) 


From  (3.1),  we  obtain 


where 


=11*  =22  ■ ^^^^*''3)  * *2'^''2*>=3)  ■ 

= 11  = 22-  =L  ' , (3.8) 


"3*  ^l^*  =11^^1  - '=2 


Kj*  C2g/Xg  , 


FiFg*  K^-  X 


14(^ 


(3.9) 


With  (3.8)j^,  we  see  that  the  necessary  and  sufficient  con- 
ditions for  (3.7)j^  to  be  satisfied  for  all 


F^-t-  > 0 and  F^+  > 0 . 


(3.10) 


With  (3.9)  and  (3.2),  these  conditions  may  be  rewritten  as  the 
first  two  of  the  conditions 


Xj[2W^+  (2X2+  x2)Wg]  + I3W3+  c^  > 0 

(ABC  = 123,  213,  231,  321,  312,  132)  . (3.11) 

The  remaining  four  conditions  may  be  obtained,  in  a manner 
analogous  to  that  employed  in  obtaining  the  first  two,  by 
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considering  waves  to  be  propagated  parallel  to  the  XgX^  and 
*3^1  The  conditions  (3.11)  imply  the  conditions  (2,13) 

provided  that  the  conditions  (3.6)  are  satisfied. 

From  (3.8)2,  it  follows  that  necessary  conditions  that  the 
inequality  (3.7)2  satisfied  for  all 


Fl  > 0 , 


F2  > 0 . 


(3.12) 


With  (3.6)  it  follows  that  the  conditions  (3.12)  imply  (3.10). 
With  these  conditions  we  may  rewrite  (3.8)2  as 


S11S22-  s^2  = 


(3.13) 


It  follows  that, provided  the  conditions  (3.6)  and  (3.12)  are 
satisfied,  the  necessary  and  sufficient  condition  for  (3.7)2 


to  be  satisfied  is 


K f^^fJ  + > 0 . 

3 12  3 


(3.14) 


With  (3.9),  the  condition  (3.14)  can  be  rewritten  as  the 
first  of  the  conditions 


=■ 


(ABC  = 123,  231,  312)  , 


(3.15) 


* The  conditions  (3.12)  have  been  previously  obtained  [1,2]  as 
necessary  conditions  that  waves  propagated  in  an  arbitrary 
direction,  not  necessarily  parallel  to  a principal  plane,  have 
real  speeds. 
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where,  from  (3.2)  and  (2.8), 


■'c  = "i*  • l-c  = ^C**3  • 

■■a  = V 4 »3  * ^ • 


(3.16) 


" l3<Cx^x|)W3^*[xJcii-xi)  * x|(i3-x|)]W3^*  I3W33). 


Also,  the  conditions  (3.12)  are  the  first  two  of  the  conditions 

> 0 (A  = 1,2,3)  . (3.17) 

The  second  and  third  of  the  conditions  (3.16)  and  the  third  of 
the  conditions  (3.17)  may  be  obtained  in  an  analogous  manner 
by  considering  waves  to  be  propagated  parallel  to  the  ^2^3 
planes  respectively. 

We  conclude  that  the  necessary  and  sufficient  conditions 
that  waves  propagated  parallel  to  a principal  plane  of  the  pure 
homogeneous  deformation  shall  have  real  velocities  are  those  in 
equations  (3.15),  (3.6)  and  (3.17). 
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4 . A particular  case:  plane  strain 

In  this  section,  we  will  consider  the  particular  case  when 
X = 1 . It  will  be  shown  that  this  yields  conditions  on  the  strain- 
energy  function  equivalent  to  those  obtained  by  other  considera- 
tions by  Knowles  and  Sternberg  [6]  . 

We  write 

^^=  i + 1,  i3=  ig=  i + . (4.1) 

Then,  writing  I = i|g.^Q  , d = j | , we  have 

I = I^^-l  = X^+X^  , J = I3=X^X2  , Ig=  I + . (4.2) 

We  write  and  introduce  the  notation 

(c£.(2.4)) 


$I  = 9<J>/9i|e  = o = 0 ’ 

= 3^<J>/8i^L^Q  , etc. 


(4.3) 


With  X^=  1 , we  obtain 


$I  = W^+  W^  , = 2J(W2+W3)  , 


= "ll*  "22  . 


»IJ  = , 


*JJ  ■ * 'U"(Wa2*2W^3.W33) 


(4.4) 


Taking  X^  = 1 in  (3.16)  and  using  the  relations  (4.4)  we 
obtain 


- ’ ^3  " IJ 


X 2 


$I  . . 2J$jj  . 1 . 

$I  + 2X2$ jj  + 2J$jj  + 2 ^I'^jj  » 


2$ii  + y ^Ij  2 (^JJ  ■ J ) 


With  (4.4)  and  (4.5),  the  relations  (3.6),  (3.12)  and  (3.15) 
yield  the  strong  ellipticity  conditions  o£  Knowles  and  Stern- 


berg [6] 


where 


B > 0 , > 0 , E22  > 0 , 


^11^22  12  ’ 


2*1  , . 4*jF^  , 4*jF^  . 


El,  - 2*j(Fi*F,)  . ) . 
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